Control Systems 4-2 Mathematical Modeling of Control Systems

L% Introduction

To study and examine a control system, it is necessary to have some type of
equivalent representation of the system. Such a representation can be obtained from the
mathematical equations, governing the behaviour of the system. Most of such
mathematical equations are differential equations whether the system may be electrical,
mechanical, thermal, hydraulic etc.

WAL The set of mathematical equations, describing the dynamic characteristics of a
system is called mathematical model of the system.

Obtaining the mathematical model is the first step in analysing a given system. In the

mathematical model, the various operations in the system are represented by the
mathematical equations.

Most of the control systems contain mechanical or electrical or both types of elements
and components. To analyse such systems, it is necessary to convert such systems into
mathematical models based on transfer function approach. From mathematical angle of
view, models of mechanical and electrical components are. exactly analogous to each
other. Not only this but we can show that for given mechanical system there is always
an analogous electrical network exists and vice versa. The mathematical equations
describing both the systems are exactly same in nature.

As we are well familiar with the behaviour of electrical networks and methods of
writing equations for it, it will be better if we can draw equivalent electrical networks
for given mechanical systems. This will help us in writing system equations in simplified
manner and with more detailed understanding.

This chapter explains the concept of analogous networks, method of writing
differential equations for various physical systems and derives the transfer functions of
various commonly used control systems.

1. What is mathematical modeling ?

XA Analysis of Mechanical Systems

In mechanical systems, motion can be of different types ie. Translational, Rotational
or combination of both. The equations governing such motion in mechanical systems are
often directly or indirectly governed by Newton's laws of motion.

The equilibrium equations for the linear mechanical systems can be obtained using
D'Alembert's principle which states that,

For any body, the algebraic sum of externally applied forces and the forces resisting
the motion in any given direction is zero',
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Mathematical Modeling of Control Systems

(,‘oﬂfﬂ’l syslﬂms
@ Translationai Motion

Consider a m

Such systems are o
Jinear velocity and linear acceleration.

According to Newton's law of motion,

ust be equal to sum of forces ~onsumed t0

echanical system in which motion is

f translational type. These systems are

taking place along a straight line.

characterised by displacement,

sum of forces applied on rigid body or
produce displacement, velocity and

system ™
W“ﬁ"" in parious elements of the system.

The following elements are dominantly involved in the analysis of translational
moﬁOﬂ SYStems-

j) Mass ii) Spring  iii) Friction.
@ Mass (M)

x(t) Displacement

This is the property of the system itself 4 =
which stores the kinetic energy of the 7
n-anslational motion. Mass has no power to 2 M |——=f(t)Force
store the potential energy- It is measured in %%tug A 0 Q) '
lograms (kg)- The displacement of mass on 7777 77 777
dways takes place in the direction of the Fig. 4.2.1

ults in inertial force. This force ‘
uced in mass (M) by the applied force.

applied force res
is always proportional to
s ‘M’ as shown in

the acceleration prod

Consider a mas
shown by rollers. -
The applied force £(t) produ
f(t). Force required for

ft) = Mx Acceleration =M

Taking Laplace and n
F) = Ms?XG)

Also mass cannot store potential energy SO
there cannot be consumption of force in the mass
nnected to each

eg. if two masses are directly co

other as shown in the Fig. 422 and if force £(t) is
applied to mass M, then mass My will also
displace by same amount as M.

the Fig. 421 having

ces displacement x(t) in the direction of the ap
to acceleration.

[

zero friction with surface,

plied force

eglecting initial conditions we can write,

b= x(t

— f(t)

= x()

Rigid connection
(No friction and no elastic action)
Fig. 4.2.2

-
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Control Systems 4.4 Mathematical Modeling of Confrol Systems

Due to mass, there cannot be any change in force from one mass to other hence no
change in displacement

m The displacement of rigidly conmected masses is always same.

E¥EY Linear Spring

In actual mechanical system there may be an actual spring or indication of spring
action because of elastic cable or a belt. Now spring has a property to store the potential

energy. The force required to cause the

displacement is proportional to the net
displacement in the spring. All springs are 7
basically nonlinear in nature but for small 4 K =t
deformations their behaviours can be 2»——"6666666‘ =y
approximated as linear one. Hence f

i

assuming linear spring constant "K' for the
spring, we can write equation for the Fig. 4.2.3
spring in the system.

Consider a spring having negligible

mase and connected to a rigid support. (1) Lo X4 (1)

Its spring constant be 'K’ as shown in the 2 1

Fig 423 -y
. Force required to cause displacement M2 M

x(t) m the spring is proportional to SIIL7777 7777777 77777777
displacement.

K = K0 | Fig. 4.2.4

Now consider the spring connected between the two moving elements having masses
M; and M; as shown in the Fig. 4.2.4 where force is applied to mass M.

Now mass M, will get displaced by x (t) but mass M; will get displaced by X (1)
as spring of constant K will store

some potential energy and will be the x(1) ‘{ (X1 =) I” Xy(t)

cause for change in displacement, /00—

Consider free body diagram of spring “

as shown in the Fig. 425 Fig. 4.2.5 8pring between two maving points causes
Net displacement in the Bpring is change in displacement

x1(8) = x,(t) and opposing force by the spring is . .
Le. xy(t) - xy(t) Pring 18 proportional to the net displacement

et ——————————————
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Conirol Systems 4-5 Mathematical Modeling of Control Systems

I o = K000

m The spring between the moving points causes a change in displacement
from one point to another.

Spring behaves exactly same in rotational systems, only the linear spring constant
becomes torsional spring constant but denoted as "K' only.

E¥Z} Friction
Whenever there is a motion, there exists a friction. Friction may be between moving

clement and fixed support or between two moving surfaces. Friction is also nonlinear in
nature. It can be divided into three types,

i) Viscous friction ii) Static friction iii) Coulomb friction
Viscous friction as dominant out of the three is generally considered, neglecting other
two types. Viscous friction is assumed to be linear with fnchonal constant “B'. ‘This has

linear relationship with relative velocity
between two moving surfaces. Dashpot/

«— Damper

The fricion is generally shown by a

dash-pot or a damper as shown in the Fig. 4.2.6. - -
This is the symbolic representation of a B
friction.
_ _ Fig. 4.2.6
Consider a mass M as shown in the
Fig. 4.2.7 having friction with a support with a o x(1)
constant B’ represented by a dash-pot. 2
Friction will oppose the motion of mass M ; ol i
and opposing force is proportional to velocity f
of mass M. 2 B
- / .
4 _ de(t) t i
e Fig. 4.2.7

Taking Laplace and neglectmg mmal conditions,

| chml (s) = Bs X(s)

Similarly if friction is between two moving surfaces, it is shown in the Fig. 4.2.8.
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Control Systems 4-6 Mathematical Modeling of Control Systems

—_—

In such a case, opposing force is given by,

)  do®]
dt dt |

Frictional = B[

Taking Laplace,

‘Fhici-tional (s) = Bs [X{(S) %2 (S)]_ ‘

F~x =%

M, M,
ST 77777777777
Fig. 4.2.8 Friction between two moving points causes change in displacement

Thus if the force applied to mass M, is f(t) then due to friction between the masses
"M, and M,, the force getting transmitted to M; is always less than f(t). Hence the
displacement of mass M; is different than the displacement of mass M.

The friction between two moving points, causes a change in displacement from one
point to other.

Frictional force aiso behaves exacily in same manner, in rotational systems, only
linear fricional constant becomes torsional frictional constant but denoted by same

symbol ‘B’ only.
The other two types of friction are,
1. The static friction is the friction which exists when there is no motion and it tends

to prevent the start of the motion. Once the motion begins, then the static friction
vanishes and other frictions come into the play. Mathematically it is represented as,

Feiction = T Fsl.
x=0

x = 0 indicates that velocity is zero and the movement is just going to begin.

2. The coulomb friction has a constant magnitude with respect to the change of
velocity. The sign of this frictional force changes as the direction of velocity changes.

Mathematically it is represented as,

)
- |t
s 21 = r
e Jax

| dt
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Control Systems 4-7 Mathematical Modeling of Control Systems

where F_ is called Coulomb friction coefficient. The Fig. 4.2.9 shows the graph of
frictional force against velocity for the three types of frictions.

memn
A

is zero
Slope =B

— X

velocity

(b) Static friction

(a) Viscous friction

FMdbn
+Fel

It has constant
magnitude

—-F

velocity

c

(c) Coulomb friction
Fig. 4.2.9 Types of frictions

} 1. Explain the mathematical modeling of fundamental components of mechanical translations system.

FE] Rotational Motion

This is the motion about a fixed axis. In such systems, the force gets replaced by a
moment about the fixed axis ie. (force x distance from fixed axis) which is called

Torque.

So extension of Newton's law states that the sum of the torques applied to a rigid
body or a system must be equal to sum of the torques consumed by the different
elements of the system in order to produce angular displacement (), angular velocity ()
and angular acceleration (&) in them. As previously stated, spring and friction behaves
in same manner in rotational systems. The property of system which stores kinetic
energy in rotational system is called Inertia and denoted by °J' i.e. moment of inertia.
Opposing torque due to inertia “J' is proportional to the angular acceleration (o) of that
Inertia. -

d2e(t) _a%
Tgue to inertia ) dt2 : where o —F
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Control Systems 4-8 Mathematical Modeling of Control Systems

Taking Laplace,

.2 |
Tdue to inerta (s) = Js 0(s)

| Sr. No. Translational motion Rotational motion j
T Mass (M) Inertia (J) !
2 Friction (B) Friction (B) o {
3. Sping () Spring (K) |
. roree® e Torquem
= Displacement () Angular displacement (6)
3. Velocity v = [gt—x) Angular velocity (m = a—t—)
| d96): by : d?e)
Acceleration o2 Ax;‘gular,accelerahm o= prea

Table 4.3.1 Analogous elements

1. Explain the mathematical modeling of fundamental components of mechanical rotational system

E¥E Equivalent Mechanical System (Node Basis)

While drawing analogous networks, it is always better to draw the equivalent

mechanical system from the given mechanical system. To draw such system use °
following steps :

Step 1 : Due to applied force, identify the displacements in the mechanical system.

i
i
5 Step 2 : identify the elements which are under the influence of different
; displacements.

|

i

Step 3 : Represent each displacement by a separate node, using Nodal Analysis.

i Step 4:Show all the elements in parallel under the respective nodes which are|
,.' under the influence of respective displacements.

i Step 5 : Elements causing same change in displacement will get connected in
f parallel in between the respective nodes.




(Iou.'rn! q"ﬁ'ﬁ’f’i .

Mathematical Modeling of Control Systems

Em Remarks on Nodal Method

a) The an element
connected to a node "x" and stationary
qurface (reference) is,

terms for

2 |
For mass — M d—f 1

| dt? |
. dx |

For friction - B — |
dt |

l

|

!

For spring — Kx

b) The term for an element
connected between thg two nodes " x; '

and xp' ie. between two moving
surfaces 1s, D
For friction — B -d—x-l—-g—xl
dt dt

For spring & K [ x;-x] -

No mass can be between the two
nodes as due to mass there cannot be
change in force as mass cannot store
potential energy.

¢) All elements which are under the

corresponding displacement.

All elements
under same

K

dispiacement

* x(t)
(a)

x(t)

—e x(t)
M =) . M
77777777777 ;77;77
T x(t)
M =1 "
<«——— Friction 'B° =
77777777777
x(®)
b x(
] ' K
%—’W M E=ft) =
Spring 'K’
(@)

r"z |>"1
[T =
WW‘

Friction ‘B’
X2 r X4

L K

L

77

(b)
Fig. 4.4.1

e.g. consider the part of the system, shown in the Fig. 44.2 (a).

X

u

(b)
Fig. 4.4.2

influence of same displacement get connected in parallel under that node indicating the
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Control Systems 4-10 Mathematical Modeling of Control Systemsg

Here M, B and K all are under the L0
influence of x(t). Hence in equivalent system
all of them will get connected in parallel B, K4
under the node “x'. Consider another example |
of the system shown in the Fig. 44.3. In this My
System M, , B; andK; all are under the IX1
influence of displacement x,. This is because B, Ky } Together
all are connecteq to rigid support. | ir??jli'::iacgear:g?lt
While there js change from x; to x, due M2
to simultaneous effect of B, and K,. So B, +x2

and K, are under the influence of (xq —x»).
But mass M, is under the influence

of x; alone. Mass cannot be under B2
the influence of difference between

\
Fig. 4.4.3 1
|
\

displacements. So in equivalent 2l 2
system the elements B;,K; and —0000— \ |
M;, all in parallel under x; while | “ T
B, and K, in parallel between j— B {
x; and x; and element M, is |M Ky M
under node x, as shown in the
Fig. 443 (a). 777777777 777777777 7777777
Electrical Systems Fig- 44.3 (a) ' ‘
Similar to the mechanical systems, very :
commonly used systems are of electrical type. o— +WV\ — —o
The behaviour of such systems is governed by v -
Ohm's law. The dominant elements of an
electrical system are, —h e
i) Resistor i) Inductor iii) Capacitor. o +VW\F{WW = °
i) Resistor : Consider a resistance carrying - v =
current T as shown, then the voltage Fig. 4.5.1
drop across it can be written as,

Suppose it carries a current (I; —1,) then for the polarity of the voltage drop shown 1
its equation is, |

VYV = (11-12)R‘
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Control Systerms 4-11 Mathematical Modeling of Control Systems

ii). Inductor : Consider an inductor L
can'Ying current T as shown, then the o- STHO0000 - o
voltage drop across it can be written as, - v .

’ ' Fig. 4.5.2
dl .
V = L=
a
1
I = ij dt

If it carries a current (I; -1,) then for the polarity shown its voltage equation is ,

dt s .
or LY < 1 | o— LI00000 ©
Ii-Tp) = ;[ vd L
———— i < V —
iii)  Capacitor : Consider a capacitor Fig. 4.5.3

carrying current T’ as shown, then the
voltage drop across it can be written as,

1 C .
as V=5 [1at o I} -
- v -
or I= cfil
odat Fig. 4.5.4

If it carries a current (I; —I) then for the polarity shown its voltage equation is,

V = EI I -Ip)dt c e
I I =
dv ! o
or (hi-Ip) = C—- | - v —
, e ] Fig. 455
m Analogous Systems | | Jan.-11 |

In between electrical and mechanical systems there exists a fixed analogy and their
exists a similarity between their equilibrium equations. Due to this, it is possible to
draw an electrical system which will behave exactly similar to the given mechanical
system, this is called electrical analogous of given mechanical system and vice versa. It
is aiways advantageous to obtain electrical analogous of the given mechanical system as
we are well familiar with the methods of analysing electrical network than mechanical
Systems,
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Control Systems 4-12 Mathematical Modeling of Control Systems

There are two methods of obtaining electrical analogous networks, namely
1) Force - Voltage Analogy i.e. Direct Analogy.
2) Force - Current Analogy i.e. Inverse Analogy.

m Mechanical System

Consider simple mechanical system

as shown in the Fig. 4.6.1. =
K
Due to the applied force, mass M M iill)
will displace by an amount x(t) in the
direction of the force f(t) as shown in % e
the Fig. 4.6.1. 7777777777777 77777

According to Newton's law of Fia. 4.6.1
motion, applied force wiil cause oo

displacement x(t) in spring, acceleration to mass M against frictional force having
constant B.

f(t) = Ma + Bv + K x(t)
where, a = Acceleration, v = Velocity
2
) = M3 X0, gIXO 1o
dt?

Taking Laplace, F(s) = M32 X(s)+ Bs X(s) +KX(s)

This is equilibrium equation for the given system.
Now we will try to derive analogous electrical network.

EX¥3 Force Voltage Analogy (Loop Analysis)
In this method, to the force in mechanical

system, voltage is assumed to be analogous one. vav\, L

Accordingly we will try to derive other f J_

analogous terms. Consider electric network as “(! i) D ¢

shown in the Fig. 4.6.2. T
m equation according to Kirchhoff's law can Fig. 4.62

be written as,

v(t) = i(t)R+Lw+—-j(t)dt
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Control Systems 4-13 Mathematical Modeling of Control Systems
Contror S

r Taking Laplace, V(s) = I(s) R + Lg I(s) + l(sé)

But we cannot compare F(s) and V(s) unless we bring them into same form.
For this we W1ll use current as rate of flow of charge.

l(t) = ‘ ie. I(S) = SQ(S) or Q(S) = I(TS)

Replacmg in abOVe equauon

‘ — —————

V@) = L s’-Q(s) + Rs Q(s) + -—Q(s)

Companng equatlons for F(s) and V(s) it is clear that,
i) Inductance "L’ is analogous to mass M.

ii) Resistance "R’ is analogous to friction B.
iii) Reciprocal of capacitor i.e. 1/C is analogous to spring of constant K.

!
' Translational Rotational Electrical
Force o4 Torque T Voltage V
| Mass M Inertia J Inductance L
Fnct:on constant B Tortional friction Resistance R
: constant B
]
Spd.ng constant I( N/ m Toruonal spring constant Reapmcal of mpaator
| K Nim/rad 1/C
! Displacement 'x’ B 4 - Charge q s
s dx * do _ : o gq
’ Velocity x= -3 8= =0 Clurrenh-.dt

Table 4.6.1 Tabular form of force-voltage analogy

A Key Point Asi=x= ;E thedtsplacemntxzsreplacedbyjzdtmtherthanq,mequaﬁons

)

- ITF1 Force Current Analogy (Node Analysis)

In this method, current is treated as analogous quantity to force in the mechanical
-gstem So force shown is replaced by a current source in the system shown in the
Fig. 4.6.3,
. The equation according to Kirchhoff's current law for above system is,

I = I +Ig +Ic
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Control Systems 4-14 Mathematical Modeling of Control Systemg

v
Let node voltage be V, . .
dv I |
L= g vaugeey | ﬂ% il
® o ot
Taking Laplace,
\%
I(s) = ,_ﬁh-_(q) sC V(s)
Fig. 4.6.3
But to get this equation in the similar form as that
of F(s) we will use,
v(t) = L) where ¢ = flux
dt
: Vi(s)
V) = s06) e b=~
Substituting in equation for I(s)
I(s) = Cs? ¢(S)+—s¢(8)+L¢(S)
Comparing equations for F(s) and I(s) it is clear that,
i) Capacitor 'C' is analogous to mass M.
i) Reciprocal of resistance % is analogous to frictional constant B.
1ii) Reaprocal of mductance — 1s analogous to spring constant K.
: Tramlaﬁonal Rotational Electrical
M Mass b ] C
B frcton oo B LR
| x displacement 0 | ¢
XVelocIty= 9-%-(}:0) Voltage ‘v’ =ﬁ

Tablo 48 2 Tabular fonn of fom-cumnt analogy

Key Point PL.X: x = Voltage = T
equations,

§ The elements which are in series in F _ v/ analogy, get connected in parallel in

F- Ianalagous network and which are in parallel in F - v analogy, get connected in serips in
F - I analogous network. | |

d TECHNICAL PUBLICATIONS™. ap up thrust for knowledge
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4-15 Mafhemaﬂcal Modellng of Confml Syslams

2. Discuss the force current analogy in brief. State the analogous terms based on force-current
analogy.
2. Derive the electrical analogous quantities for the mechanical quantities using Force-voltage analog.

Jan.»11, Marks 5

pn‘.-06,07.09,10 14,.1_5 ] 6

step 1 : Identify all the displacements due to the applied force. The elements spring and
friction between two moving surfaces cause change in displacement.

step 2 : Draw the equivalent mechanical system based on node basis. The elements under
same displacement will get connected in parallel under that node. Each
displacement is represented by separate node. Element causing change in
displacement (either friction or spring) is always between the two nodes.

step 3 : Write the equilibrium equations. At each node algebraic sum of all the forces
acting at the node is zero.

Step4: InF-V analogy, use following replacements and rewrite equations,

1
EosV, MoL, B—-)R, K—1/C, x-gq, x—>1(cunent)x—>j1dt{

Step 5 : Simulate the equations using loop method. Number of displacements equal to
number of loop currents.

Step 6 : In F-I analogy, use following replacements and rewrite equations,

"F->I, M->C, B-1/R, K-1/L, x->¢, x—e(emf),x-:'_[edté

Step 7 : Simulate the equations using node basis. Number of displacements equal to
number of node voltages. Infact the system will be exactly same as equivalent

mechanical system obtained in step 2 with appropriate replacements.

draw its equivalent system and write M ——f(t)
equilibrium  equations. Hence draw its

electrical analogous circuits based on

i) Force - Voltage ii) Force - Current

method. B
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Control Systems 4-16 Mathematical Modeling of Control Systemg

—

Solution : Mass ‘M’ will displace by amount “x' and as spring is connected to fixeq
support and friction “B' is also with respect to fixed support, both K and B will be under
influence of x' only. Now its equivalent system will contain one node and as aJ|
elements are under influence of x(t) alone, must be connected in parallel under that

node.
X0 x(1)
/ -
A K
ﬁ»———fmﬁ‘—— M —=f)
f ® B f o
/]
/] P
TTTTTTTTT 7777777
7T 7777
B
(a) Physical system (b) Equivalent mechanical system
Fig. 4.7.1
The equilibrium equation will be,
d? x(t) dx(®)
f(t) = M dt2 +KX(t)+B—d—t‘
Taking Laplace, F(s) = Ms? X(s) + K X(s) + Bs X(s) = X(s)[ Ms? + K+ Bs] w (1)
i) Force-Voltage Method : Use the analogous terms as,
1 dx dq . . d2x_di
M->L B-oR K—-)E, X—=q, ?d_t_)g—n' x——)j idt, -c-l-t—z—-a
All quantities are expressed in terms of current i.
di 1. . '
v(t) = L + Ej idt+Ri . )
V(s) = sL I(s)+1—@+ I(s)R . (3)
sC ,
. L C(1/K)
Simulate using loop ‘method : | o { Il
Analogous to K is a capacitor C but its
value is proportional to 1/K hence it is v(t) /D § R
indicated by writing (1/K) in the bracket 1 n
o

near C. This is shown in the Fig. 4.7.2 (a). Fig. 4.7.2 (a)

| In F-V analogy, the quantities which are under the same displacemeént in

' mechanical system, carry the same current in analogous electrical system.
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Wems 4-17 Mathematical Modeling of Control Systems

ii) Force-Current Method : Use the analogous terms as,

1 1 dx do d2x  dv(t
M->C, B->—, Ko—, L &XL,8 x _ dv(t)
: R T x> dt—) dt-—)v(t), x—>‘[ v(t)d

) —— =

7 dt2  dt
All quantities are expressed in terms of voltage v.

d
i) ;—(tt) + %v(t)+% [ vt .. (4)

I(s)

SCV(s) +1R V(§)+§1E V(s) | .. 65

Simulate using node method :

Analogous to K is an inductor L while v(t)
to B is a resistor R. But their values are
proportional to reciprocals of K and B i) c L ( 1’?8)
respectively. This is indicated by writing ()
(1/K) and (1/B) in the brackets near L and
R respectively in the Fig. 4.7.2 (b). Fig. 4.7.2 (b)

In F-I analogy, the quantities which are under the same displacement in mechanical
system, have the same voltage across them in analogous electrical system.

m The equivalent mechanical system and the F-I analogous system are exactly
identical as both are drawn based on node basis.

Ky x4 B, =x,

K
e L T i
()4—81 0)
TT77777 777 77777777777 777777\
Fig. 4.7.3

Solution : M;, K; and B are under x; as K, and B, are with respect to fixed support.
B, is between x; and x;-

M,, K, and B are under x; as K and B, are with respect to fixed support. The
equivalent mechanical system is shown in the Fig. 4.7.3 (a).

——
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Mathematical Modeling of Control Systems

2. Discuss the force urrent. in bri
o force current analogy in brief. State the analogous terms based on force-current

2. Derive the 1 .
electrical analogous quantities for the mechanical quantities using Force-voltage analog.
— Jan.-11, Marks 5

Steps to Solve Problems on Analo
“Ang 9’. 10; D'c-'gnn‘

| el gous Systems
11, April-99, March-02, Feb -04. July-05.06,08,09.10,11,12,13,14,15,16;
Jan.-06,07,09,10,14,15,16

Step 1: Lc_ilert;hfy all the displacements due to the applied force. The elements spring and

ction between two moving surfaces cause change in displacement.

Step 2 : Draw the equivalent mMcal system based on node basis. The elements under
mi, d15p1ace_ment will get connected in parallel under that node. Each
dfsp cement 15 represented by separate node. Element causing change in
displacement (either friction or spring) is always between the two nodes.

Step 3 :

Wr.ite the equilibrium equations. At each node algebraic sum of all the forces
acting at the node is zero.

Step 4 : In F-V analogy, use following replacements and rewrite equations,
"E5V, M-I, B->R, K-1/C, X =q, §—>i(cunent),x—)fidt f

Step 5 : Simulate the equations using loop method. Number of displacements equal to
number of loop currents.

Step 6 : In F-I analogy, use following replacements and rewrite equations,

S

F5I, M-oC B-o1/R K-ol/L x—o9, i=e(e.m.f.),x-+jedt

Step 7 : Simulate the equations using node basis. Number of displacements equal to
number of node voltages. Infact the system will be exactly same as equivalent
mechanical system obtained in step 2 with appropriate replacements.

For the physical system shown
draw its equivalent system and write

equilibrium equations. Hence draw its
electrical analogous circuits based on

i) Force - Voltage ii) Force - Current
method.
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Solution : Mass ‘M’ will displace by amount ‘x' and as spring is connected to fixed
support and friction "B’ is also with respect to fixed support, both K and B will be unde,
influence of X' only. Now its equivalent system will contain one node and as jj)
clements are under influence of x(t) alone, must be connected in parallel under th

node.
e x(t) x(t)
| K ‘ Tt
b M : r
j M Ex Ede
1 Pad
77777777777
7777 T
B .
{a) Physical system (b) Equivalent mechanical system
Fig. 4.7.1
The equilibrium equation will be,
d? x(t) dx(t)
t) = M Kx(t)+ B——
{0 5+ Kx()+B g
Taking Laplace, F(s) = Ms?2 X(s) + K X(s) + Bs X(s) = X(s)[Ms2 + K+ Bs] - (1)

i) Force-Voltage Method : Use the analogous terms as,

1 dx dq . . _di
ML B-oKR K—-)—C—, X—q, ET’E_”' x—-)j idt, 52—_&;

All quantities are expressed in terms of current i.

d 1. : '

vit) = Lo +€j idt+Ri Q)

Vis) = sLl(s)+%?+l(s)R o (3
Simulate using loop method : L cx)

Analogous to K is a capacitor C but its T
value is proportional to 1/K hence it is v(t) /D R
indicated by writing (1/K) in the bracket l i(t)
G7

near C. This is shown in the Fig. 4.7.2 (a). Fla. 4.7.2
g. 4.7.2 (a)

In F-V. analogy, the quantities which are under the same displacement in
~ mechanical system, carry the same current in analogous electrical system.
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) Farce-Current Me .
il l‘ ‘hl“' . ‘lN.l H“I i"\!‘lngl“"‘ 'l'rn’]ﬁ ""’

2
yv(l), x )I v(t)dt, d ,’( z dvi)

MO B K .l X g dx ‘dm
‘ | dt? dt

All quantities are expressed in terma of voltage v

_ vy g |
it ( a ! R v(t) 4 l.-[ v(t)dt .. (4)

. \ |
) = SOV Ve v . (5)

Simulate using node method :

Analogous to K is an inductor [, while

to B is a resistor R. But their values are . F\:“"l
proportional to reciprocals of K and B i) oL ._1 2
respectively. This is indicated by writing L 2
(1/K) and (1/B) in the brackets near L and 7

R respectively in the Fig. 4.7.2 (b). Flg. 47.2 (b)

In F-I analogy, the quantities which are under the same displacement in mechanical
~ system, have the same voltage across them in analogous electrical system.

The equivalent mechanical system and the F-I analogous system are exactly
identical as both are drawn based on node basis.

L= T LTIER R Construct mathematical model for the mechanical system shown in Fig. 4.7.3.
Then draw electrical equivalent circuit based on F-V analogy.

16, Marks 8

/ \

Z F=x g F=x N

e I 2 Ky IN

7 N

7 et s ON O M\

777777 TSN
Fig. 473

Solution : M, K; and B, are under x, as K, and B, are with respect to fixed support.
B, is between x and xj.

M,, K, and B are under x; as K, and B, are with respect to fixed support. The
equivalent mechanical system is shown in the Fig. 4.7.3 (a).
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f(t)b KB [Mi] E4B, KB [Me EF&

T77777
Fig. 4.7.3 (a)

The equilibrium equations at two nodes are,

f(t) = My —> dt2 +By—+Kyxp+ By — 4
2
_ d(XZ_xl) d x2+B dx2+K X
0 = Bz—————dt +M, 7] T 2 X2

1 dx . C.odix  di
_____)__._
'x—)q’_—dt—)llx—)jldtldtz at

F-Vanalogy:M—)L,B—)R,K-—)C

<
—_
~r
~
L}

di, oo 1o .
LIHT+R1 11+C—1J‘ i dt+ Ry (i3 —1ip)

o
|

_ .. dip 1o

R, (iy - 11)+ L, —dt—+ Ry iy +E—2—J.12 dt
Using loop basis, F-V analogy network can be drawn as shown in the Fig. 4.7.3 (b).
L, Ry  GCi(UKy) L, Ry

v(t) ’D R,
i

Fig. 4.7.3 (b)
\| For a mechanical system shown in
F:g 47 4 obtain force voltage analogous
electrical network. 1
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/‘f

Golution : As K3 and B, are
petween M; and fixed support, M,,

g, and K3 are under displacement

v Ki and B, are between x; and

Xg- while My, K, and B, are
under  displacement  x,.  The F
equivalent mechanical system is
shown in the Fig. 474 (a)

Fig. 4.7.4 (a)
The equilibrium equatins are,
o Exg o dx d (xq - Xg)
F = M] dt2 +B1Tt‘-+K3X|+Kl (xl—)(z)'f-Bz—]dt—i (1)
_ d(xq - x3) d?x dx
0 = Ky (xp=x{)+B, —1_72 2 as2
1(2 xl) 2 dt +M2 dtz +K2X2+B3 m .(2)
2 .
F-VMI]OSY:M—’L;B—)R,K—)l,g—xh—)i_’x—)jidtlg_)f_)é
C dt dtz  dt
di, . 1 . 1 ¢, . L
V= Ll—c'i-r‘f R11| +C_3J‘lldt C—lj(ll - lz)dt'l' Rz (ll —12) .(3)
| R . di [ .
0 =aj(12—.1) dt+ R, (ip —iq)+L, ﬁ+c—2j;2dt+ Ry iy ...(4)

Simulating equations on loop basis, F-V analogous circuit is as shown in the Fig. 4.7.4(b).
& 5 1
Ly R, Ca(K3) ) Ry Cz(Kz)
'—
1
Lefd)
Q

R,

Fig. 4.7.4 (b)

9,

-ontorquecurrentanalogyand

give all the performance equation for the T
Fig. 4.75.  July-14; 15, Marks 8

oA
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Solution : |, and B, are under 0. Ky is o, 9, K2 o,
between 8, and 0,. el L. A LU /
I and B, are under 0, K, 18 J
between 92 and 93. T J1 B, J2 B, | J3 B]
|1 and By are under 8 5. L
) sy ITITTIIITIIT  STITTTIIT 177777, 7
The equivalent mechanical system is
shown in the Fig. 47.5 (a). Fig. 4.7.5 (a)
The equilibrium equations are,
‘9] de]
T = |, —+B +K,(0,-6,)
b dt
d? 92 de,
0 = Ki8 91)+12 +By —=+K2(02 -03)
d20 3 de;
0 = Ky(03-6,)+ +B
203-62)+]3 2 P4t
1 1 de d’  dv
T.I anal : ’ B D’ T’ 3. ’ dt
ogy :M - C ad- K—)L M 9—)_[ " er T
I=C gu+—v—1—+-'—.|‘(v1—v2)dt
74t "R, L
_ 1 dV2 Vo 1
O = E—I‘J’(Vz -V 1)dt+C2 T+—E+L I(Vz -V 3)dt
0 = —l—j(v _vydt+C, T34 Y3
PEAERAE 374t 'R,

Based on node basis T-I analogous circuit is shown in the Fig. 4.7.5 (b).

B,
LU

. c3 L 3R, (51—:)
I,,,; MBS

Fig. 4.7.5 (b)

Draw the F-V and F-I analogous circuits for the mechanical system shown in
Fig. 4.7.6 with necessary equations.

B
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I
K, Ka
o
I
M,
;f(t) Ix1
Fig. 4.7.6
Solution : M; and B; are under B
the displacement x;. K; is between J'l:r ,
x; and x, while B3 is between x; < \
and X3. K3 is between X3 and X3. ! OO 2 — GO0 ——— X5
The mass M,, K, and B, are K Ks
under x,. Hence the equivalent
mechanical system is as shown in K QD M By M
the Fig. 4.7.6 (a). K2 E18,
b .
The equilibrium equations are, Fig. 4.7.6 (a)
d?x dx dix;-x3)
f(t) = M;——L+B; =L +Kq (x;—xp)+Bz ——_—27
152 thig th (x1-x2)+ B3 — (1)
d?x, dx,
0= Kl (X2 —Xl)+ M, dtz + B, at +Koxy +K3 (X2 —X3) ...(2)
d(x3—x
0 = K3 (x3—x2)+B3———-( ilt il .-(3)
1 dx . d?x _di
F-V analogy: M 5L B> R K-> 5 x->q — 21 — o —
0By c 7Y g x> [i 42 dt

V) = Ll___d;tl+R,i,+_C1—lj(il—i2)dt+R3 (iy - i3)
1 di A 1
0=-—"|(@Gr -1 22 — —— 1r — 1
c, I(lz iy) dt+ L, dt + Rpiy +C2 19 dt+C3 .[(12 iz)dt

1 ) ] . g
0 = t—;j(ls“lz)dt’r R3 (i3 —1iy)
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R

| ,,'3,,_ —

' ca(i)
K L

:

Hence F-V analogous network is as
shown in the Fig. 4.7.6 (b).

i I ij
1
d“x dv Cz(i

- —_— x = | vdt T - \ l K

A ¢ dt v ‘ dt- dt o— PO — M\~ 2)
Ly Ry
Fig. 4.7.6 (b)
I(t) = ]d_\l 1\]+—j(v]—vz)dt+——(v1—-V3)
dt R,
1 , dV2 1 1 1
= — |(vy—v —E Vo — dt + — -v 3)dt
0 L]_f(m v )dt+C, 5 +R2V2 LZJV2 L3J(V2 3)

1 1
0= i?j(vg—vz)dt+R—3(v3—v1)

Hence F-I analogous network is shown in the Fig. 4.7.6 (c).

MWWV
Ry(1
3(33)
| -
!
I =
Ly(1/Ky)
/77

Fig. 4.7.8 (c)

m For the rotational

]
mechanical system shown draw the g K %2 k.
torque-voltage  analogous  circuit  for 4 - k:é::
Fig. 4.7.7 (b). T
| Jan .15 larks 8 5/#/777(7 I I
B, B,

Fig. 4.7.7
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Solution : There are two displacements 8, and 6, of J; and J, as shown in the Fig, 4.7.7
(a). J1 and By are under the‘displacement 0, K, is between 0; and 6, while J,, B, and
K, are under 8. Hence equivalent mechanical system is as shown in the Fig. 4.7.7 (b).

1% é*‘z (:G g E
z 0, 0, T T Jy B,
/7/71(1//11//1/////(1///////777
B, B,
77 HH7TT777rrirrzizeriz
(a) (b)
Fig. 4.7.7
—_ dze] dBl .
T=1) g2 TBig tK201-0y) ..()
y d%e de
0 = Ky03-67)+]; —2+B; —2+K
1)+)2 a2 275 102 ...(2)
2 .
ForT—Vanalogy,]—-)L,B—-)R,K_)l,@_)ile_)ji dt,ﬂ)- _,Q
C dt dt2  dt
V = Lliilml i1+—1—j(i —ip)dt ‘ 3)
dt c, V1772
| di 1
0 = =—|[(@p-i))dt+Ly —2+R, iy +— [i
Czj(z 1) 2 dt+ 212.+C1 ip dt (4)
Based on the loop basis the F-V analogous network is shown in the Fig. 4.7.7 (c).
Ly Ry L, R
I o— 00— WW——T000—WW\—
v /D Co— /D —
l i+ (1Ky) iy (1K)
o3 2
Fig. 4.7.7 (c)
f."lample 477 For the electromechanical . i(t) A x
system shown inXF(%. 4.7.8 find the ey R L E% eyt)
trans nction ——. : -
fer fu EO)
— % M
dan.-14; Marks 8
K B
Fig. 4.7.8
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) . ) R L

Solution : The clectric system is shown in the o AN — T~

Fig. 4.7.8 (a). — +

e(t) = i(HR+L d;(:) + e ()

<

; Coil @, = Back e.m f
er) i(l)> é i ey, e8.m
0._,- ._J

Fig. 4.7.8 (a)

Taking Laplace,E(s) = 1(s) [R + sL] + Ey(s) . (1)

f(t)
Back e.m.f. 3: Le.  ep(t) ~ j: Le.  ep(h) = Ky g: ix(t)

Ep(s) = Kys X(s) [K, = Back e.m.f. constant] . (2)
Consider the mechanical system shown in the Fig. 4.7.8 (b).
f(t) < i(t) ie. f(t) = K; i(t) Fig. 4.7.8 (b)

Fs) = K; I(s) .. (3) [K| = constant]

f(t) =M +Kx(t) ie F(s) = [Ms?+Bs+K] X(s) . (4)

d* x (), pdx(®)
dt? dt
K; I(s) = [Ms? + Bs+K] X(s) . ()

[Ms? + Bs+ K]

Use I(s) from (5) in (1), E(s) = K.

X(s) [R+ sL]+ E(s)

(Ms? + Bs+ K)

e [R+ sL] X(s) + Ky, s X(s) ... from (2)

E(s) =

X(s) _ Ki |
Es)  (Ms? + Bs+K) (R+sL)+ K; Kps

Far the system shown in

By
Fig. 4.7.9 write its mechanical network K, { K,
and obtain mathematical model and O%M Jq )) J2 ‘)}’UDM‘-E
0
7 /7773

) T(t) o 0
electrical  analogous  based  on 1 ] t”

force-current analogy.

By B,
Fig. 4.7.9
Solution : The spring K is between 0;and 0,. |, and Bjare under the displacement

8,. B3 is between 6, and 0 3 while J,, B, and K, are under the displacement 0 5. The
equivalent mechanical network is shown in the Fig. 4.7.9 (a).
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s ibr ¥ 4 'M g
The equilibrium equations at the three nodes 8 Kw'a p .
are, ;

T® = Ky(0,-8,) (1) 1

[ ;, li/u, V,

d "\ ("’2 R “]l' (") "‘)

= k 92 o )*‘ Y “
n ‘( ] ] d" ' d' ‘“ rrr Iy 1 o
Q) Flg. A79 (l)
d(6s-8;) \129‘! de ,
- - e o B : )
0= ) dt? FBa gy tKa 0y - O
for F - 1 analogy, use | - C, R»»l, Ko 09, d.'? yv(t)
R L dt dt ’
d’e )
9,."[ (V) dt dwt— - -—&:—- and use in equations (1), (2) and (3).
1
G J(Vi-vy)dt )
1 dv 1
0 = — [(V=Vy)dt + C; 24 (V, - N
L1 [(Va-vy) g +R, Va+ 3(Vz Vi) - (9)
_ 1 dv; 1

1
Rs(—)
vi Loy, By v,

From the equations (4), (5)
and (6), the F-I analogous
network is shown in the

Fig. 479 (b). I(t) G> .

Write the differential equations of T‘“‘“‘“‘““T

performance for the mechanical system shown in =[S 8,
Fig. 4.7.10. Draw its F-V analogous circuit. } ;
[Dec. 98, July 08,12, Marka B ik
K, t\
]
N

Fig. 4.7.10

—— e e e
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Mathematical Modohng of Control Syst

foh;:::;n : The mass M is under the influence of x1. The spring Ky and B are betweg
1 x2. While M;, K, and B, are under the influence of x,. The equxvak.:

mechanical system is shown in the Fig. 4.7.10 (a). The egilibrium equations are,

M1
Note that B,
f(t) is applied
to mass M,
7 causing 7
displacement x,
Fig. 4.7.10 (a)
d?x; d(x1-%)
0 =M K B4 .
132 L+Kq(x1-x)+ —at (1)
X9 — X d? dx
f(t) = Kq(xo-x7)+B; d 2dt 1)+M2 d;Z +B, df +Kyx%, v Q)
2 .
For FV, M>L Bo>R K » L x—>j1dtd"  dx _ di
dt2 dt
0 = L1 dll +——I(11 —12)dt+R1(ll—12) . (3)
dt
1 ¢, . .. di .1 ¢,
V(t) = —C—j(lz -—11)dt+R1(12 —11)+L2 —d%+R212 +—C—2_ledt (4)
The F-V analogous circuit is shown in the Fig. 4.7.10 (b).
Cy (1/Ky)
’66‘66* % 1
C
ia(t)
Fig. 4.7.10 (b)
0 (s)
Example 4. T w For the system shown in Fig. 4.7.11, find the transfer function G(S) = "I?( )
Consider |; -Ikgm , K; =1 Nm/frad, K, =1 Nm/rad,
B; = 1 Nmj/radfsec, B, = 1 Nmj/rad/sec. Dec.-11, Marks 6
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E i o T— A., 7 v 2:3._3%.3\.5&%.% w‘ m.ﬁx:i.m,wai&m

X,
‘ T e K,

p LA w

(I
2.
mu
Fig. 4.7.11
Solution : The inertia |, is under 0,. The K,
K, and By are between 6, and 0,. The . % 9
K, and B are under 6,. The equivalent e
mechanical system is shown in Fig. 1(a). T 3] By « 8
The equations are, 2 2
—¢- —o—
Fig. 4.7.11 (a)
_ 1. 9%, d®;-9,)
T = u |n=lw+mw~ at +HA~ AQ,_IQNV A.._.v
- d(6,-6,) de
0 = Ky4(62-04)+B, S tB2 &N:A%N (2
Taking Laplace transform of both the equations,
T(s) = [s%]1+5B;+K;]01(s)-[sB +K;]0,(s) ..3)
0 = I—Hmmu._—.HAHH@uAmV._.TAWa+WMV+AWH+~A~Z¢NA$ ...(4)
_ 5(B1+B3)+(K;+Kj) . .
B1(s) = B, +K;) 0,(s) and use in equation (3)
2
[s211+8B1 +Kq ]s (B +B2) +(K; +Ky)]
_ ~[sB1+K1]0,(s
T(s) (5B, 7Ky) 02(s)-[sB1+K1]02(s)
Using the given values,
_ s+ o e
Ts) = =g 02(9-(+1) 8209
| ®~Amv 1

T(s) 252 4541

|
|
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